A particle-filter based estimation method is developed for the stochastic volatility model with/without jumps and applied on the S&P 500 index value and the VIX term structure jointly. The model encompasses all mean-reverting stochastic volatility option pricing models with a constant elasticity of variance, and can allow for price jumps. Our contention is that using the VIX term structure in estimation can help reach a more reliable conclusion on the nature of the risk-neutral volatility dynamic. Our empirical findings are: (1) the volatility process under the risk-neutral measure is mean-reverting; (2) the jump intensity is time-varying; (3) the jump and volatility risks are priced; (4) the measurement errors in VIXs are material; and (5) the square-root volatility process is mis-specified with or without price jumps.
Introduction
Stock prices have been well researched over the years. Many empirical regularities have been documented in the literature; for example, stock prices jump, stock return distributions are heavy-tailed, stock returns display stochastic volatilities. Some controversies also exist; for example, are stock prices predictable? The literature goes back to 1960s with papers such as Mandelbrot (1963) and Fama (1965) . Of late, studies of stock prices have been conducted jointly with stock option data. Examples abound. Bakshi, Cao and Chen (1997) , Bates (2000) , Chernov and Ghysel (2000) , Duffie, Pan and Singleton (2000) , Andersen, Benzoni and Lund (2002) , Pan (2002) , Eraker (2004) , Broadie, Chernov and Johannes (2007) , Ait-Sahalia and Kimmel (2007) and Duan and Yeh (2010) are some examples that rely on the continuous-time approach. Along the line of the discrete-time GARCH approach, there have been Hsieh and Ritchken (2005) , Stentoft (2005) , Christoffersen, et al (2006 Christoffersen, et al ( , 2008 , among others.
The continuous-time stochastic volatility/jump model is very popular and offers a powerful way of handling stock prices and options together. Its application has, however, been hindered by the fact that stochastic volatilities, as opposed to prices, cannot be directly observed. Empirical implementations, particularly jointly with option data, were often conducted with some ad hoc assumptions designed to bypass the challenge posed by latent volatility. Properly estimating a stochastic volatility/jump model, with or without using option data, naturally lands in the domain of non-linear, non-Gaussian filtering problems. When option data are involved, the implementation challenges increase many folds, and developing more powerful empirical methodologies will no doubt make this line of models more accessible.
One estimation strategy put forward by Duan and Yeh (2010) actually views the presence of option data as an advantage. Instead of dealing with individual options that will complicate the estimation task, they opted to formulate an estimation strategy that uses the value of a particular option portfolio known as VIX, which is a widely followed volatility index produced by the Chicago Board Options Exchange (CBOE) for the S&P 500 index return. Duan and Yeh (2010) devised a transformed-data maximum likelihood estimation method for a class of stochastic volatility models with or without jumps, and their estimation used the time series of the S&P 500 and VIX index values jointly. In essence, the latent stochastic volatility can be directly linked to the VIX index value, and thus makes the implementation of the stochastic volatility/jump model actually simpler. Their estimation approach stands in sharp contrast to other methods of estimation that require repeated valuations of individual option contracts.
The VIX index has been widely used to study volatility specifications. Jones (2003) , for example, employed the old VIX index, currently known as VXO, to conduct an analysis of a joint return and volatility specification. Dotsis, Psychoyios and Skiadopoulos (2007) and Chourdakis and Dotsis (2009) performed empirical studies using VIX and other similar indices to examine various volatility specifications. Todorov (2009) and Todorov and Tauchen (2010) used VIX to explore the dynamic properties implied by the volatility process and variance risk premium. Ishida, McAleer and Oya (2011) recommended an empirical approach of using VIX to improve the estimation of the leverage parameter which is the correlation between the diffusive terms of the price and volatility processes.
The empirical findings of Pan (2002) , Jones (2003) , Chourdakis and Dotsis (2009) and Duan and Yeh (2010) , among others share a common peculiar feature. The estimated volatility risk premium is quite big, which in turn makes the stochastic volatility process under the risk-neutral measure explosive even though it mean-reverts under the physical measure. 1 This result is clearly counterintuitive, because if it were true, longer-dated options would have to have unchecked Black-Scholes implied volatilities. A similar point was also made in Pan (2002) . It is also counterfactual if we take into account the empirical findings reported in many nonparametric option pricing studies. The general conclusion in that literature is that the volatility of the risk-neutral return distribution implied by options of the same maturity may rise or decline with the maturity of the options initially when the maturity is relatively short, but they tend to level off as the maturity becomes reasonably long. Most studies also concluded that the levelling-off speed is slower for the risk-neutral return distribution vis-a-vis the physical return distribution, but it is not explosive nevertheless.
Our conjecture is: when the VIX term structure is employed in a joint estimation of the stochastic volatity/jump model, the risk-neutral stochastic volatility process will be conclusively mean-reverting. The empirical findings of this paper are indeed consistent with this conjecture. The risk-neutral volatility dynamic is found to be mean-reverting under all specifications. The estimates for the most general stochastic volatility model without jumps imply that the risk-neutral stationary volatility stands at 21.8%, which is 70% higher than the stationary volatility of 12.8% under the physical probability.
The contribution of this paper in part rests on a methodological generalization of Duan and Yeh (2010) to allow for measurement errors in the observed VIX, and is hence able to simultaneously incorporate several VIXs corresponding to different maturities. Allowing measurement errors in VIX is natural, because the literature has pointed out that CBOE's VIX may exhibit significant measurement errors due to its calculation procedure. For example, Jiang and Tian (2007) argued that CBOE's procedure for VIX tends to over-smooth the model-free implied variance, and thus induces bias in the VIX index. Biases caused by the VIX calculation are also associated with the truncation and discretization errors. 2 When measurement errors in VIX are considered, the transformed-data MLE method of Duan and Yeh (2010) is no longer applicable. The one-to-one relationship between VIX and the latent stochastic volatility is severed by the measurement error, because VIX is simultaneously influenced by both the latent stochastic volatility and the measurement error. With measurement errors, one is forced to confront the difficult task of devising a workable nonlinear, non-Gaussian filter for the estimation problem. For this, we follow Duan and Fulop (2009) to design a smoothed localized particle filter, and through which derive the likelihood function for estimation.
We implement the particle filter-based MLE method on the data set that comprises the S&P 500 index value and the VIX term structure at 1-, 3-and 6-month maturities. The data sample is daily from January 2, 1992 to March 31, 2009 , spanning 17 years. Our empirical findings are: (1) the volatility process under the risk-neutral measure is meanreverting; (2) the jump intensity is time-varying; (3) the jump and volatility risks are priced; (4) the measurement errors in VIXs are material; and (5) the square-root volatility process is mis-specified with or without price jumps.
A Monte Carlo study is conducted to ascertain the performance of our estimation method. We simulate asset price and latent stochastic volatility using a stochastic volatility model with jumps based on some reasonable parameter values obtained from the empirical study. Corresponding to the simulated latent stochastic volatility, we compute the theoretical VIX term structure and add on some measurement errors. To mimic real-life applications, the simulated prices and VIX term structure series are processed by our estimation method while acting as if we did not know the latent volatility values. The results suggest that the proposed estimation method works well.
The balance of this paper is organized as follows. In section 2, we introduce, under the physical probability measure, a constant-elasticity-of-variance stochastic volatility model that allows price jumps. The corresponding system under the risk-neutral pricing measure and the critical relationship linking the latent volatility to VIX are also presented in this section. In section 3, the likelihood function derived from applying the smoothed localized particle filter is provided. The empirical results are reported and discussed in Section 4. The Monte Carlo study is given in Section 5, and the concluding remarks follow in Section 6.
The theoretical model 2.1 Stochastic volatility with jumps
We generalize the model studied in Duan and Yeh (2010) which considers a class of stochastic volatility models with price jumps. The specification encompasses many option pricing models in the literature with a volatility dynamic that is mean-reverting and has a constant elasticity of variance. The generalized model has a direct interpretation and allows for the jump intensity to be time-varying. The dynamics under the physical measure P is assumed to be
where S t − denotes the left time limit of S t ; W t and B t are two correlated Wiener processes with the correlation coefficient equal to ρ; N t is a Poisson process with time-varying intensity λ 0 + λ 1 V t , and is independent of W t and B t ; J t is an independent normal random variable with mean µ J and standard deviation σ J . Since √ V t dW t and J t dN t have their respective variances equal to V t dt and
becomes the variance rate of the asset price process. The price and volatility processes are dependent through two correlated Wiener processes -W t and B t . In the above equation, r and q denote the risk-free rate and the dividend yield, respectively. The last term in equation (1) is to compensate the growth of the jump component so that the net associated with jump is a martingale difference. The term δ 0 +δ 1 V t is the combined risk premium to compensate for the diffusion and jump risks. Equation (1) can be restated via Ito's lemma in a more convenient form:
The specification in equations (2) and (3) nests several well-known stochastic volatility models with or without jumps. For example, if there are no jumps (i.e., λ 0 = λ 1 = 0), then the Hull and White (1987) stochastic models follows by further setting γ = 1 and θ = 0. Similarly, the Heston (1993) model emerges by setting γ = 0.5. If jumps are allowed, the price innovation becomes that of Bates (2000) and Pan (2002) . Note that one can set λ 0 = or λ 1 = 0 to specialize the nature of jump intensity. The joint price-volatility model in equations (2) and (3) is more general than that of Bates (2000) and Pan (2002) because their specification corresponds to the special case of γ = 0.5, i.e, a square-root volatility process. To reduce to the specification of Duan and Yeh (2010) , one needs to set δ 0 = 0 and λ 1 = 0.
For the risk-neutral valuation dynamics, we follow Duan and Yeh (2010) which continued the long line of literature in dealing with incompleteness arising from stochastic volatility and/or jumps. For example, Bates (2000) and Pan (2002) restricted their attention to the equivalent martingale measures under which the jump dynamic remains in the same form but the jump intensity and the mean of the jump size are allowed to differ from those under the physical measure, i.e., shifting from λ 0 to λ * 0 , from λ 1 to λ * 1 and from µ J to µ * J . 3 The system corresponding to equations (2) and (3) under the risk-neutral probability measure Q becomes
where
ds with δ V being interpreted as the volatility risk premium. W * t and B * t are two correlated Wiener processes under measure Q and their correlation coefficient remains to be ρ; N * t is a Poisson process with intensity λ * 0 + λ * 1 V t and is independent of W * t and B * t ; J * t is an independent normal random variable under measure Q with a new mean µ * J but its standard deviation remains unchanged at σ J . It is fairly easy to verify by Ito's lemma that equation (4) leads to E Q t dSt St = (r − q)dt so that the expected return under measure Q is indeed the risk-free rate minus the dividend yield.
becomes the variance rate of the asset price process under measure Q, which is expected to be different from V t +(λ 0 +λ 1 V t )(µ 2 J +σ 2 J ) when jumps are allowed. An interesting consequence of introducing jumps is that the local volatility of the asset return is no longer invariant to the change from measure P to Q. The difference can be caused by either a change in the jump intensity or the mean of the jump size.
Linking asset volatility to VIX
Consider an option portfolio of European calls and puts weighted inversely proportional to the square of their strike prices. The portfolio value at time t with its component options expiring at time t + τ can be expressed by:
3 We refer readers to Appendix A of Pan (2002) for details.
where 0 < K 0 < ∞. P t and C t are the put and call prices at time t, respectively; and K is the strike price of an option.
The CBOE VIX index is based on the value of such an option portfolio, and uses the following definition:
where F t (t + τ ) denotes the forward price at time t with the maturity time at t + τ .
Following the Duan and Yeh (2010) approach and applying it to the generalized model, VIX can be linked to the latent stochastic volatility in equations (1)-(2) with the following new relationship:
If there are no jumps, then VIX 2 t (τ ) obviously equals the standardized risk-neutral expected cumulative variance or the risk-neutral expected realized variance over the horizon τ , which is a well-known result and serves as the theoretical basis for the VIX index; for example, Britten-Jones and Neuberger (2000), Demeterfi, Derman, Kamal and Zhou (1999) and Jiang and Tian (2005) .
When there are jumps, VIX 2 t (τ ) becomes a jump-adjusted risk-neutral expected cumulative variance over the horizon τ . If the jump intensity is constant, then the result reduces to that of Duan and Yeh (2010) where φ * 1 = 0. The general result can also be reduced to the standard risk-neutral expected cumulative variance or the risk-neutral expected realized variance when both µ * J and σ J are small enough to justify a second-order Taylor expansion of the term e µ * J +σ 2 J /2 appearing in φ * 0 and φ * 1 . When the jump size is small, the statement that the VIX index approximately equals the risk-neutral expected realized variance was first made in Jiang and Tian (2005) . Note that the relationship between the VIX index and the risk-neutral expected realized variance is quite generic, but VIX's link to the latent stochastic volatility such as equation (8) is model-specific, with or without price jumps.
Similar to Pan (2002) and Duan and Yeh (2010) , λ * 0 and µ * J (or λ * 1 and µ * J ) cannot be separately identified. Pan (2002) simply assumed λ * 1 = λ 1 . Equally acceptable is to assume µ * J = µ J . Instead of forcing an equality on a specific pair of parameters, we follow Duan and Yeh (2010) to rely on the composite parameters φ * 0 and φ * 1 to define the jump risk
The jump risk premium is meant to reflect the compensation term in the expected return for the jump risk. If the jump risk is priced, the compensation term will change by a time-varying amount equal to δ J0 +δ J1 V t , which is induced by changing from the physical probability measure P to the risk-neutral pricing measure Q.
Econometric formulation 3.1 A nonlinear, non-Gaussian filtering problem
The CBOE's VIX index uses traded options that meet certain selection criteria. Naturally, the actual VIX deviates from its theoretical counterpart due to the use of an incomplete set of options. The measurement errors come in through three obvious channels: truncation due to the available strike price range, discretization due to the minimum tick size in strike price, and bid-ask price averaging.
If the measurement error in VIX is negligible, Duan and Yeh (2010) argued that equation (8) gives rise to an econometric specification with which the volatility and jump risk premiums and other model parameters can be estimated using VIX, which in principle summarizes critical information about option prices. These parameter estimates can then be used to assess the performance of an option pricing model on individual options with different strike prices and maturities. However, using just one VIX as in Duan and Yeh (2010) amounts to only dealing with the information summarized from options of a particular maturity. In order to utilize the information embedded in options of different maturities, we must introduce measurement errors so that the econometric system is legitimately specified. Coupling with the likely scenario that the VIX term structure contains material measurement errors, it is natural to incorporate them in the econometric specification.
Consider a time series sample consisting of N observations, and denote the data point at
where L is the number of entries available on the VIX term structure and τ 1 , . . . , τ L correspond to their maturities. The information set up to time t i is denoted by
. A state-space representation for our model can be stated below:
. . .
where h i+1 = t i+1 − t i ; i+1 is a standard normal random variable and is independent of J k,i+1 , N t i+1 and ν j,i+1 for all j and k; J k,i+1 's are independent normal random variables for the jump size with a common mean µ J and variance σ 2 J for k = 0, 1, 2, · · · and i = 0, 1, 2, · · · , N − 1;
's are the i.i.d. standard normal random variables for j = 1, 2, · · · , L; and σ ν 1 , · · · , σ ν L (denoted by Σ) are parameters corresponding to the measurement errors.
, respectively. The latent stochastic volatility process is regarded as the transition equation for the state-space model:
where η i+1 is a standard normal random variable correlated with i+1 and the correlation coefficient equals ρ; η i+1 is independent of J k,i+1 , N t i+1 and ν j,i+1 for all k and j. The above representation is based on the Euler approximation. If h i+1 is small such as daily data, the approximation error is negligible. 4 
Estimation by a smoothed localized particle filter
Equations (9)-(12) constitute a nonlinear, non-Gaussian state-space model, and thus the standard Kalman filter cannot be reliably applied. For the filtering solution, we resort to particle filtering, which is a sequential Monte Carlo technique using simulated samples to represent prediction and filtering distributions. Updating from the prediction distribution to the filtering distribution is carried out by applying the Bayes rule. The resulting importance weights are likely to propagate poorly unless resampling is performed to stabilize weight distribution as the system advances. Particle filtering always involves sampling/importance resampling (SIR). However, using the standard SIR can sometimes be quite inefficient because of drawing points of low importance weights. Moreover, the resampling step creates discontinuity in the likelihood function that is not conducive to numerical optimization and statistical inference. The two concerns lead us to adopt the smoothed localized SIR (SL-SIR) scheme proposed by Duan and Fulop (2009) to compute the likelihood function and conduct the maximum likelihood analysis.
To evaluate the likelihood function for the state-space model, we utilize the steppingback idea used in Duan and Fulop (2009) . It can circumvent the spiking problem when the measurement error is small. Specifically, the likelihood function can be obtained using the following joint density function:
Note that S t i is part of D i , and S t i and V t i together are sufficient to characterize the distribution of Y t i+1 .
As shown in Duan and Fulop (2009) , one can further decompose f (Y t i+1 |V t i , S t i ) using the conditional density of the transformed data to set the stage for localized sampling later. Without loss of generality, VIX t i+1 (τ 1 ) is chosen for inversion to obtain the latent volatility
) is the implied latent volatility given ν 1,i+1 and VIX t i+1 (τ 1 ) computed according to equation (10); f (ν 1,i+1 ) is the density of ν 1,i+1 ; and B(τ 1 ; Θ)e 2σν 1 ν 1,i+1 −1 is the Jacobian term for the transformation based on equation (10) . The second equality is due to the fact that once the measurement error is known, the VIX value implies a specific value for the latent stochastic volatility. This construction uses the principle of transformed data as in Duan (1994) .
By equations (13) and (14), we can have
The expression in (15) is a crucial representation for the maximum likelihood estimation using a particle filter. This conditional expectation expression for f (Y t i+1 |D i ) can be evaluated along with the computing of the filtering distribution. By this expression, the general approach can also be reduced to the special case of Duan and Yeh (2010) for which L = 1 and σ ν 1 = 0.
We adopt the SL-SIR approach of Duan and Fulop (2009) to design a specific particle filter for computing f (Y t i+1 |D i ). The sampler is considered localized because one directly samples the measurement error, which amounts to sampling the latent stochastic volatility around the observed VIX.
The procedure of the SL-SIR scheme is given below, and the specific results for the key components are provided in Appendix.
Simulating ν 1,i+1 avoids the dependency in simulating V t i+1 . When the measurement error in small in magnitude, it is particularly efficient. Equation (16) not only provides the importance weight for each simulated V t i+1 , but also offer a direct way to approximate the likelihood function by averaging the weights corresponding to the M particles.
4 Empirical analysis
Data description
The data set used in this study comprises the S&P 500 index values, the risk-free rates, and CBOE's VIX term structure data, daily from January 2, 1992 to March 31, 2009 . The proxy for the risk-free rate is the continuously compounded one-month LIBOR rate. The CBOE introduced the volatility index, VIX, in 1993 and overhualed the VIX methodology in 2003. CBOE's VIX index measures the market's anticipation of the forward S&P 500 index volatility conveyed by the S&P 500 index option prices at the time. Specifically, the VIX index is the value of a unique portfolio of the S&P 500 index options (out-of-the money calls and puts) for a target maturity, say 30 days. The commonly referred VIX is the one corresponding to the maturity of 30 calendar days. Due to increased volatility-based trading activities, the CBOE further constructed the volatility term structure series for several timesto-maturity defined by the expiration dates of the S&P 500 index option contracts in the portfolios. The VIX term structure employs the same construction methodology as for the standard VIX. The entries in the VIX term structure are the three near-term months plus at least three additional contracts expiring in the March quarterly cycle. Thus, the CBOE provides at least six VIX term structure data points corresponding to different maturities. It is important to note that the maturities in CBOE's VIX term structure series are on the business-day basis, in contrast to the standard VIX which is of 30 calendar days. In this study, we use the VIX term structure instead of the standard VIX.
All data points on the VIX term structure run a normal maturity cycle. For ease of analysis, we linearly interpolate the points on the term structure in order to fix at some constant maturities of interest. For interpolation, we follow the strategy adopted in the standard VIX of the 30-day maturity which linearly interpolate the squared VIXs of the two adjacent maturities. Our target maturities are three: 1, 3 and 6 months. They translate into 21, 63 and 126 business days, respectively. The VIXs for these maturities are obtained by linearly interpolating the data on the term structure whose expiration dates can bracket 21, 63 and 126 business days, respectively. Table 1 reports some summary statistics for the S&P 500 index return and the VIX term structure series with 1-, 3-, and 6-month maturities. The VIX term structure values are stated in percentage points per annum. The index return is clearly negatively skewed and heavy-tailed. The mean values of the VIX term structure reveal that the forward 1-, 3-, and 6-month (annualized) volatilities for the S&P 500 index return are approximately 19%, 19.5% and 19.9%, reflecting in general an upward sloping term structure. The longer-maturity VIX tends to be less volatile than the shorter-maturity VIX, and the 6-month (1-month) VIX has the smallest (largest) standard deviation, supporting our conjecture that the risk-neutral volatility dynamic should be mean-reverting. Volatility should be naturally skewed in the positive direction, which is indeed the feature of the VIX term structure series. The VIX term structure values also show heavy tails. The phenomenon of stochastic volatilities is also fairly clear with the shorter-maturity (longer-maturity) volatility ranging from 9.2% to 80.9% (11.7% to 62.5%) over the sample period. Figure 1 plots the time series of the S&P 500 index return and the VIX term structure with 1-, 3-, and 6-month maturities. Several observations are in order. With the exception of the Gulf War period, the market was not too volatile in the 90's, and it only became jittery towards the end of 90's. Then, the Dot-Com Bubble burst, causing the market volatility to rise until the market recovery in 2003. Since then, the market volatility has been in a steady decline until reaching the middle of 2006. The market volatility rapidly increased afterward and reached the peak during the 2008 financial crisis. Afterwards, the market volatility fell sharply again. Comparing the three VIX series highlights an interesting and understandable fact; that is, a downward sloping volatility term structure is associated with market turmoil. Figure 2 plots in different panels the time series of the VIX term structure for 1-, 3-, and 6-month maturities along with the S&P 500 index return's realized volatilities calculated from the subsequent trading days that are consistent with the maturities of the VIX term structure. Added to the graph is the gap between VIX and realized volatility. There are several noticeable features. With the exception of the periods when the VIX value has spiked, VIX tends to be higher than realized volatility. It suggests that shorting VIX will be profitable in normal times, but will suffer a loss when the market crashes. Since VIX is meant to be the risk-neutral expected realized volatility, it also implies that the volatility dynamic under the risk-neutral pricing measure must be different from the one under the physical probability measure. Particularly, it shows that the risk-neutral volatility tends to hover around a higher level, and by implication the volatility risk will mostly be priced by the market. Table 2 summarizes the particle filter-based maximum likelihood estimation and inference results for three versions of the stochastic volatility model, where CEV denotes the stochastic volatility model with an unconstrained CEV parameter γ, HW is the Hull and White (1987) stochastic volatility model with γ = 1 but allows for a non-zero θ, and SQRT corresponds to the stochastic volatility model with γ = 0.5 such as Heston (1993) . The number of particles used in the empirical studies is 200. The parameter estimates along with their corresponding standard errors (inside the parentheses) are reported in this table. LR denotes the likelihood ratio test statistic with its corresponding p value given inside the parentheses.
Empirical findings
When the CEV parameter γ is unconstrained (CEV), the estimate of γ is 0.987 for the entire data sample. By the likelihood ratio test, the square-root volatility specification (γ = 0.5) is resoundingly rejected. The test result shows that the popular square-root specification for the volatility dynamic is seriously at odds with the data. In comparison to the results reported in the literature, we note that Jones (2003) (2007) perhaps, all empirical results strongly suggest that the square-root volatility dynamic is a mis-specification. In contrast, the stochastic volatility model with γ = 1, a specification adopted in Hull and White (1987) , is not rejected by the likelihood ratio test, indicating γ = 1 seems to be a better constraint to use. This result is also consistent with that of Christoffersen, Jacobs, and Mimouni (2010). Our results are also consistent with Duan and Yeh (2010) which also employed VIX to study this class of models.
The correlation between the price and volatility innovations, ρ, is found to be significantly negative, a well-known empirical fact. The deduced volatility risk premium, δ V , is significantly negative for all cases. The negative volatility risk premium estimates reflect a fact that the VIX term structure values have been higher than the corresponding realized volatilities for most of the time as shown in Figure 2 . The estimates corresponding to the mean reversion parameter κ * under the risk-neutral probability measure are all positive and highly significant in all cases, suggesting that the volatility process is mean-reverting under both the physical and risk-neutral probability measures. This finding is important because the earlier research findings reported in Pan (2002) , Jones (2003) , Chourdakis and Dotsis (2009) , and Duan and Yeh (2010) all imply an explosive risk-neutral volatility dynamic (i.e., a negative κ * ). 5 This confirms our motivation of using the VIX term structure because the option price information along the maturity dimension should be critical to ascertaning how the risk-neutral volatility evolves over time. Based on the estimates for the general stochastic volatility specification, we obtain the risk-neutral stationary volatility of 21.8% (using κ κ * θ), which is 70% higher than the stationary volatility of 12.8% (using √ θ) under the physical probability.
For option pricing, a positive κ * is quite important because an explosive risk-neutral volatility process would severely overprice long-dated options. Figure 3 plots the (Black-Scholes) implied volatility term structure series for two cases under different moneyness. 6 "One VIX" indicates that the implied volatilities are inverted from the option prices of the CEV volatility model which has been implemented by the particle filter-based MLE using just one VIX series. The estimate for κ * remains negative. 7 The implied volatilities for the case of "Three VIXs" are inverted from the option prices computed using the parameter estimates of the CEV volatility model in Table 2 . When κ * is negative, the overpricing of options becomes very serious as the options' maturity increase. In contrast, the implied volatility term structure tends to level off when κ * is a positive value.
The estimates for the measurement errors -σ ν 1 , σ ν 2 and σ ν 3 -appear to be material and significant in all cases. For example, the parameter estimate of σ ν 1 is about 2.77% for the CEV volatility model. With the one-month VIX at 20 points, this estimate can be translated into a 1-point move in the one-month VIX if the measurement error is one standard deviation in either direction. For the three-month VIX, the measurement error's magnitude becomes three times the one-month VIX. Increased measurement errors is hardly surprising given the way that the VIX index is constructed. Longer-dated options are less frequently traded, causing the VIX quality to deteriorate. Of course, one can also argue that this phenomenon is caused by a mis-specified stochastic volatility model used in the empirical analysis.
Tables 3A, B, and C report the maximum likelihood estimation results for the stochastic volatility models with jumps on the whole data sample. Different stochastic volatility models and jump specifications are included. CEV, HW and SQRT correspond to the CEV volatility model with an unconstrained parameter γ, the Hull and White (1987) model with γ = 1 and a non-zero θ, and the square-root model such as Heston (1993 ) (2010)). The standard errors are in the parentheses. Several observations are in order. The reported results clearly indicate the presence of jumps. The estimates associated with jumps -λ 0 , λ 1 , µ J and σ J -are significant 6 The underlying asset price is set to 1,000. The strike prices are 900, 1,000, and 1,100, respectively. Since there is no closed-form option price formula for the model, we adopt the empirical martingale simulation method of Duan and Simonato (1998) to compute the option prices. The number of simulation sample paths is set at 10,000. 7 The parameter estimates based on one VIX series are as follows: κ = 2.50, θ = 0.015, v = 2.10, ρ = −0.75, δ 0 − q = −0.02, γ = 0.98, and κ * = −8.14. The measurement error is approximately 2%. in most cases. By comparing the log-likelihood value of CEV in Table 2 and that of CEV-J0 in Table 3A , there is a substantial increase in the log-likelihood value after incorporating price jumps. Although the likelihood ratio test statistic for the presence of jumps is not provided in the table, the difference in the log-likelihood values clearly reveals that a conservative test based on 6 degrees of freedom (six more parameters including nuisance ones) will be highly significant. This conclusion continues to hold for the other three cases (CEV-J1, CEV-J2, and CEV-J3) in Table 3A .
The jumps intensity appears to be time-varying. The estimates for λ 1 are statistically significant in all cases of Table 3A . By comparing the log-likelihood values of CEV-J0 and that of CEV-J3, the CEV-J3 model with time-invariant jumps will be clearly rejected by the likelihood ratio test. Moreover, the model that ignores the constant component in the jump intensity may be mis-specified because CEV-J2 is clearly rejected by the likelihood ratio test. It is worth noting that the jump intensity specifications adopted by Bate (1996, 2000) , Andersen Table 3B , and C. The estimates for the constant component of the jump intensity, λ 0 , reported in Table  3A , B, and C imply that 12 to 19 price jumps per year.
The estimates associated with the measurement errors continue to be material and significant in all cases. The correlations between the price and volatility innovations are significantly negative irrespective of data periods and model specifications. In addition, the parameter estimates for the CEV parameter γ range from 0.99 to 1.07 in Table 3A and are highly significantly different from 0.5. The log-likelihood value for SQRT-J0 in Table 3C is much smaller than that of CEV-J0 in Table 3A , suggesting that the square-root volatility specification even allowing for jumps continues to be resoundingly rejected on the basis of the likelihood ratio criterion. The square-root volatility specification used by, for example, Pan (2002) and Eraker (2004) thus appears to be seriously at odds with the data.
In Table 3A , B and C, the volatility risk premium continues to be significantly negative with the presence of jumps. The estimates of κ * remain positive in all cases, indicating a mean-reverting volatility dynamic under the risk-neutral probability measure. As reported in Table 3A , the estimates for the most general model specification imply that the riskneutral stationary volatility attributable to the diffusion component stands at 16.2% (using κ κ * θ), which is 60% higher than its counterpart under the physical probability with a value of 10.1% (using √ θ). We do expect the volatility associated with the diffusion component to be lower than the estimate under the stochastic volatility model without jumps, because part of the total volatility has been transferred to the jump component.
The jump risk premium comprises two components: δ J0 and δ J1 that correspond to the constant and volatility-dependent components in the jump intensity. The jump risk premiums associated with the volatility-dependent component δ J1 are positively significant for all cases in Table 3A , B, and C. δ J1 plays a far more important role in reconciling the real data because there will be a drastic decline in the log-likelihood value when we impose a constraint λ 1 = λ * 1 . The jump risk premiums associated with the constant component, i.e., δ J0 , are statistically significant for models with unconstrained γ (in Table 3A ) and those with γ = 1 (in Table 3B ). In contrast, the jump risk premiums, δ J0 , are not significantly different from 0 under the square-root volatility specification (in Table 3C ), suggesting that the jump risk premium is sensitive to how the stochastic volatility process is specified.
Tables 4A and B respectively summarize the maximum likelihood estimation results for the stochastic volatility models with jumps (the most general jump intensity setting) on two sub-samples. For the first sub-sample (January 2, 1992 to December 29, 2000) , Table  4A shows that the volatility risk premiums and the volatility-dependent jump risk premium δ J1 are significantly different from 0. In contrast, the estimates for the constant component in the jump risk premium, δ J0 , are not significantly different from 0. For the second subsample where the sample period is from January 2, 2001 to March 31, 2009 , the volatility and jump risk premiums, reported in Table 4B , are significantly different from 0 in most cases and the estimates for κ * are significantly positive, suggesting a mean-reverting volatility process under the risk-neutral probability measure. Interestingly, the jump and volatility risk premiums δ J0 , δ J1 and δ V in Table 4A are obviously larger (in magnitude) than those in Table 4B for all cases. This difference in the two sub-samples may be attributed to the 2008 financial crisis. As shown in Figure 2 , the VIX value tends to be higher than the realized volatility for most of the time in the first sample period, but this gap between VIX and realized volatility experienced a large decline during the 2008 financial crisis in the second sub-sample. This decline in magnitude is indeed influential on the estimation of volatility and jump risk premiums.
Simulation analysis
To ascertain the performance of the SL-SIR filter-based estimation method developed in this paper, we conduct a Monte Carlo simulation study. First, we simulate the time series of asset prices {S t i ; t 1 , t 2 , · · · , t n } and the latent stochastic volatilities {V t i ; t 1 , t 2 , · · · , t n } using the Euler discretization of the model in equations (2) and (3) . 8 For the simulation study, we focus on the case with a constant jump intensity. We assume that one year has 252 trading days, and divide up one day into 10 subintervals to simulate the time series. A daily time series of prices and stochastic volatilities are extracted by sampling once every 10 data points. Given the simulated latent stochastic volatility time series, we compute the VIX term structure values using the measurement equations in (10) . The maturities for the simulated VIX term structure are fixed at 21, 63, and 126 business days. Note that this calculation does not require option valuations.
The parameter values used in the simulation are chosen to be consistent with the real data. Without loss of generality, we set the interest rate, r, to zero and assume the underlying asset does not pay any dividend, i.e., q = 0. The initial asset price is set to 1,000, and the initial latent stochastic variance is fixed at 0.02 (or stationary standard deviation at 14.14%), which is the stationary level implied by the parameter values used in the simulation. The sample size of our simulated daily time series is 2,500.
For each simulated time series of price and VIX term structure, we conduct the maximum likelihood estimation. This simulation/estimation exercise is repeated 200 times to analyze the quality of this estimation procedure. We act as if we did not know the latent stochastic volatility values in order to mimic the real-life estimation situation. The number of particles used in the simulation study is 200, which is the same as in our empirical analysis. We conduct an analysis to determine whether the asymptotic maximum likelihood analysis works reasonably well for a sample size of 2,500 daily observations.
The results of this simulation study are presented in Table 5 . In addition to means, medians, and etc, we also report the coverage rates which are the percentage of the 200 parameter estimates contained in the α% confidence interval implied by the asymptotic distribution. Most parameter estimates are quite close to their corresponding true values, measured in terms of mean and median. The estimates for the parameters associated with jumps, such as λ 0 , µ J , σ J , and with volatility, such as κ, θ, v, γ, ρ, κ * , δ V , and the measurement errors, such as, σ ν 1 , σ ν 2 , σ ν 3 , all have reasonably good accuracy. Their maximum likelihood estimates seem to be unbiased. The coverage rates reveal that the asymptotic distribution is a reasonably good approximation for a sample size of 2,500 daily observations, even though some parameter estimates exhibit slightly biased coverage rates.
Conclusion
We have developed a particle filter-based MLE method for a class of stochastic volatilityjump models on the data set that comprises the S&P 500 index return and the VIX term structure. Our empirical analysis uses the daily data series from January 2, 1992 to March 31, 2009 which spans 17 years. We have reached the following conclusions: (1) the volatility process under the risk-neutral measure is mean-reverting; (2) the jump intensity is timevarying; (3) the jump and volatility risks are priced; (4) the measurement errors in VIXs are material; and (5) the square-root volatility process is mis-specified with or without price jumps.
Our contributions are two-fold. First, we develop a estimation method that takes full advantage of the VIX term structure information, and the model's estimation no longer needs to rely on valuing individual options. Second, applying the estimation method leads to a distinctive conclusion that the risk-neutral volatility dynamic is stationary and evolves around a level that is higher than the physical volatility level.
A The derivation of the components for the SL-SIR Scheme
Given the normality assumption for ν 1,i+1 and applying the standard change-of-variables technique in statistics, the density for the localized sampler based on inversion can be specified as
) is the Jacobian term.
Simulating according to the localized sampler as in equation (??) gives rise to the importance weight:
.
is a Poisson mixture of the bivariate normal densities in the following form:
−t i , and g(·; 0, Ω t i+1 (j, Θ)) is a bivariate normal density function with mean 0 and variance-covariance matrix: Note: the VIX term structure series is interpolated to fix the maturity at 1, 3, and 6 months. The squared VIXs of the term structure with expiration dates that bracket 21, 63, and 126 business days are used in interpolation. Note: The reported estimates for µ J , σ J , φ * 0 and δ J0 have been multiplied by 100. CEV-J0 denotes the stochastic volatility model with unconstrained time-varying jumps and CEV parameter γ; CEV-J1 denotes the stochastic volatility model with constrained time-varying jumps, λ 1 = λ * 1 , and an unconstrained CEV parameter γ; CEV-J2 denotes the stochastic volatility model with constrained time-varying jumps, λ 0 = λ * 0 = 0, and an unconstrained CEV parameter γ; CEV-J3 denotes the stochastic volatility model with time-invariant jumps, λ 1 = λ * 1 = 0, and an unconstrained CEV parameter γ. δ V , δ J0 and δ J1 are computed by
, respectively, and their standard errors follow from the standard calculation. Note: The reported estimates for µ J , σ J , φ * 0 and δ J0 have been multiplied by 100. HW-J0 denotes the stochastic volatility model with unconstrained time-varying jumps and a constrained parameter γ = 1; HW-J1 denotes the stochastic volatility model with constrained time-varying jumps, λ 1 = λ * 1 , and γ = 1; HW-J2 denotes the stochastic volatility model with constrained time-varying jumps, λ 0 = λ * 0 = 0, and γ = 1; HW-J3 denotes the stochastic volatility model with time-invariant jumps, λ 1 = λ * 1 = 0, and γ = 1. δ V , δ J0 and δ J1 are computed by κ * − κ,
, respectively, and their standard errors follow from the standard calculation. Note: The reported estimates for µ J , σ J , φ * 0 and δ J0 have been multiplied by 100. SQRT-J0 denotes the stochastic volatility model with unconstrained time-varying jumps and a constrained parameter γ = 0.5; SQRT-J1 denotes the stochastic volatility model with constrained time-varying jumps, λ 1 = λ * 1 , and γ = 0.5; SQRT-J2 denotes the stochastic volatility model with constrained time-varying jumps, λ 0 = λ * 0 = 0, and γ = 0.5; SQRT-J3 denotes the stochastic volatility model with time-invariant jumps, λ 1 = λ * 1 = 0, and γ = 0.5. δ V , δ J0 and δ J1 are computed by κ * − κ, φ * 0 − λ 0 (e µ J +σ 2 J /2 − 1 − µ J ), and φ * 1 −λ 1 (e µ J +σ 2 J /2 −1−µ J ), respectively, and their standard errors follow from the standard calculation. Note: The reported estimates for µ J , σ J , φ * and δ J0 have been multiplied by 100. CEV-J0 denotes the stochastic volatility model with unconstrained time-varying jumps and CEV parameter γ; HW-J0 denotes the stochastic volatility model with unconstrained timevarying jumps and a fixed parameter γ = 1; SQRT-J0 denotes the stochastic volatility model with unconstrained time-varying jumps and a fixed parameter γ = 0.5. δ V , δ J0 and δ J1 are computed by κ * − κ, φ * 0 − λ 0 (e µ J +σ 2 J /2 − 1 − µ J ), and φ * 1 − λ 1 (e µ J +σ 2 J /2 − 1 − µ J ), respectively, and their standard errors follow from the standard calculation. Note: The reported estimates for µ J , σ J , φ * and δ J0 have been multiplied by 100. CEV-J0 denotes the stochastic volatility model with unconstrained time-varying jumps and CEV parameter γ; HW-J0 denotes the stochastic volatility model with unconstrained timevarying jumps and a fixed parameter γ = 1; SQRT-J0 denotes the stochastic volatility model with unconstrained time-varying jumps and a fixed parameter γ = 0.5. δ V , δ J0 and δ J1 are computed by κ * − κ, φ * 0 − λ 0 (e µ J +σ 2 J /2 − 1 − µ J ), and φ * 1 − λ 1 (e µ J +σ 2 J /2 − 1 − µ J ), respectively, and their standard errors follow from the standard calculation. 
